Application of hesitant fuzzy sets to EQ-algebras is discussed. The notions of hesitant fuzzy prefilters (filters) and positive implicative hesitant fuzzy prefilters (filters) of EQ-algebras are introduced, and several properties are investigated. Characterizations of hesitant fuzzy prefilters (filters) and positive implicative hesitant fuzzy prefilters (filters) are considered, and conditions for a hesitant fuzzy filter to be a positive implicative hesitant fuzzy filter are investigated. Finally, the extension property for a positive implicative hesitant fuzzy filter is established.
Introduction
Algebras including EQ-algebras have played an important role in recent years and have its comprehensive applications in many aspects including dynamical systems and genetic code of biology (see [1] , [4] , [5] , and [14] ). Starting from the four DNA bases order in the Boolean lattice, Sáanchez et al. [12] proposed a novel Lie Algebra of the genetic code which shows strong connections among algebraic relationship, codon assignments and physicochemical properties of amino acids. Tian [13] introduced an important algebra, so called evolution algebras, and proposed applications in a lot of aspects such as in Non-Mendelian inheritance.
V. Novák and B. De Baets [9] introduced a new class of algebras, called EQalgebras, which are a natural algebra proposed as an algebra of truth values on the basis of which the fuzzy type theory (a higher-order fuzzy logic) should be developed. An EQ-algebra has three binary operations: meet (∧), multiplication (⊗), and fuzzy equality (∼), and a unit element, whereas the implication (→) is derived from the fuzzy equality (∼). Filter theory plays a vital role in studying several algebraic structures such as residuated lattices, M V -algebras, BL-algebras, R 0 -algebras, M T L-algebras, BCK/BCI-algebras, lattice implication algebras, and so forth. M. El-Zekey et al. [3] continued the study of EQ-algebras. They introduced and studied the prefilters and filters of EQalgebras. Liu and Zhang [6] discussed the implicative and positive implicative prefilters (filters) of EQ-algebras.
The hesitant fuzzy set which is introduced by Torra [15] is a useful generalization of the fuzzy set that is designed for situations in which it is difficult to determine the membership of an element to a set owing to ambiguity between a few different values. The hesitant fuzzy set permits the membership degree of an element to a set to be represented by a set of possible values between 0 and 1 (see [15] and [16] ). The hesitant fuzzy set therefore provides a more accurate representation of people's hesitancy in stating their preferences over objects than the fuzzy set or its classical extensions. Hesitant fuzzy set theory has been applied to several practical problems, primarily in the area of decision making (see [11] , [16] [18] , [19] , [20] , [21] , [22] ).
In this paper, we apply the notion of hesitant fuzzy sets to EQ-algebras. We introduce the concepts of hesitant fuzzy prefilters (filters) and positive implicative hesitant fuzzy prefilters (filters) of EQ-algebras, and investigate several properties. We discuss their characterizations, and provide conditions for a hesitant fuzzy filter to be a positive implicative hesitant fuzzy filter. We establish the extension property for a positive implicative hesitant fuzzy filter.
Preliminaries
We display basic definitions and properties of EQ-algebras that will be used in this paper. For more details of EQ-algebras, we refer the reader to [2] , [3] , [6] , [7] , [8] , and [10] . Definition 2.1 An EQ-algebra is an algebra L := (L, ∧, ⊗, ∼, 1) of type (2, 2, 2, 0) in which the following axioms are valid:
(L1) (L, ∧, 1) is a commutative idempotent monoid (i.e. ∧-semilattice with top element 1), (L2) (L, ⊗, 1) is a monoid and ⊗ is isotone with respect to ≤ (with x ≤ y defined as x ∧ y = x),
The operation "∧" is called meet (infimum) and "⊗" is called multiplication. If the multiplication is commutative in an EQ-algebra L, then we say that L is a commutative EQ-algebra.
Let L be an EQ-algebra. For all x ∈ L, we putx = x ∼ 1. We also define the derived operation, so called implication and denoted by →, as follows:
An EQ-algebra L is said to be residuated if (
Proposition 2.2 Every (commutative) EQ-algebra L satisfies the following conditions for all a, b, c, d ∈ L:
Definition 2.3 A subset F of an EQ-algebra L is called a prefilter of L if it satisfies the following conditions:
Definition 2.4 A subset F of an EQ-algebra L is called a filter of L if it is a prefilter of L with the following additional condition:
Definition 2.5 A prefilter (resp. filter) F of an EQ-algebra L is said to be positive implicative if the following assertion is valid:
Torra [15] defined hesitant fuzzy sets in terms of a function that returns a set of membership values for each element in the domain. This is formally defined in the next definition. 
Hesitant fuzzy prefilters (filters)
In what follows, we take a commutative EQ-algebra L as a reference set.
Definition 3.1 A hesitant fuzzy set H on L is called an hesitant fuzzy prefilter of L if the following assertions are valid.
Example 3.2 Let E = {0, a, b, 1} be a chain. We define two binary operations '⊗' and '∼' by the Table 1 and Table 2 ,respectively. 
is an EQ-algebra (see [6] ). The derived operation "→" is described by the Table 3 . Define a hesitant fuzzy set H on L as follows:
It is routine to check that H is a hesitant fuzzy prefilter of L. 
Definition 3.3 A hesitant fuzzy set H on L is called an hesitant fuzzy filter of L if it is a hesitant fuzzy prefilter of L that satisfies the additional condition:
Example 3.4 Let E = {0, a, b, 1} be a chain. We define two binary operations '⊗' and '∼' by the Table 4 and Table 5 , respectively. 
is an EQ-algebra (see [6] ). The derived operation "→" is described by the Table 6 . 
Define a hesitant fuzzy set H on L as follows:
It is routine to check that H is a hesitant fuzzy filter of L.
Theorem 3.5 A hesitant fuzzy set H on L is a hesitant fuzzy prefilter of L if and only if the set
Then H x ⊇ δ and H x→y ⊇ δ, that is, x ∈ L(H; δ) and x → y ∈ L(H; δ). It follows from (3) that y ∈ L(H; δ) and that H y ⊇ δ = H x x→y . Conversely, let H be a hesitant fuzzy prefilter of L. Let x, y ∈ L and ε ∈ P(U ) be such that x ∈ L(H; ε) and x → y ∈ L(H; ε). Then ε ⊆ H x and ε ⊆ H x→y . It follows from (6) and (7) that ε ⊆ H x x→y ⊆ H y ⊆ H 1 . Hence 1 ∈ L(H; ε) and y ∈ L(H; ε). Therefore L(H; ε) is a prefilter of L for all ε ∈ P(U ) with L(H; ε) = ∅. Theorem 3.6 A hesitant fuzzy set H on L is a hesitant fuzzy filter of L if and only if the hesitant level set L(H; γ) of H is a filter of L for all γ ∈ P(U ) with L(H; γ) = ∅.
Proof. Let H be a hesitant fuzzy set on L such that its hesitant level set L(H; γ) is a filter of L for all γ ∈ P(U ) with L(H; γ) = ∅. Since L(H; γ) is a prefilter of L, we know that H is a hesitant fuzzy prefilter of L by Theorem 3.5. Let x, y ∈ L and τ ∈ P(U ) be such that
for all x, y, z ∈ L. Therefore H is a hesitant fuzzy filter of L. Conversely, suppose that H is a hesitant fuzzy filter of L. Then H is a hesitant fuzzy prefilter of L, and so L(H; γ) is a prefilter of L for all γ ∈ P(U ) with L(H; γ) = ∅ by Theorem 3.5. Let x, y ∈ L be such that x → y ∈ L(H; γ).
by (8), and so (
Proposition 3.7 For every hesitant fuzzy prefilter H of L, we have the following properties:
Proof. (1) Let x, y ∈ L be such that x ≤ y. Then x → y = 1 by Proposition 2.2(1). It follows from (6) and (7) that
Note that x ∼ y ≤ x → y by (2) and (3) of Proposition 2.2. Using (7) and item (1) implies that H (5) Using item (2) and (6), we have H x ⊇ H 1 1∼x = H 1∼x for all x ∈ L. Since x ≤ x ∼ 1 for all x ∈ L, it follows from (1) and Proposition 2.2(6) that H x ⊆ H x∼1 = H 1∼x for all x ∈ L. Therefore (5) holds.
(6) follows from Proposition 2.2(2) and item (1) . (7) For any x, y ∈ L, we have
(8) Using the commutativity and associativity of ∧, (L4), the definition of implication (→) and item (1), we have
for all x, y, a, b ∈ L. (9) Using item (8), (L6) and (1), we get
Proposition 3.8 Every hesitant fuzzy prefilter H of L satisfies the following assertions. Proof. (1) Let a, b, x, y ∈ L. By Proposition 2.2(7), we have
It follows from Proposition 3.7(1) that H a∼b ⊆ H (a∧x)∼(b∧x) and H x∼y ⊆ H (b∧x)∼(b∧y) .
and from Proposition 3.7(4) that
Using items (5) and (6) of Proposition 2.2, we get
for all a, b, x, y ∈ L. Hence we have
by the similar way to the proof of (9).
Using (1), (9) and (10), we get H for all x, y ∈ L. (3) Let x, y ∈ L be such that x ≤ y. Then x ∧ y = x, and so
by (L1), (L6) and Proposition 3.7(1).
Theorem 3.9 For a hesitant fuzzy set H on L , the following are equivalent.
(1) H is a hesitant fuzzy prefilter of L.
(1) ⇒ (2) Let x, y, z ∈ L be such that x ≤ y → z. Then H x ⊆ H y→z by Proposition 3.7(1). Using (7), we get
. Therefore H is a hesitant fuzzy prefilter of L. Proposition 3.10 For any hesitant fuzzy filter H of L, the following assertions are valid.
for all x, y, z ∈ L.
Proof. (1) The inclusion H x⊗y ⊆ H y x follows from Proposition 3.8 (2) . Note that y ≤ 1 → y for all y ∈ L. It follows from Proposition 3.7(1) and (8) that
and from (7) 
(3) Using items (6) and (9) of Proposition 2.2, (8), item (1) and Proposition 3.7(1), we have
4 Positive implicative hesitant fuzzy prefilters (filters) Definition 4.1 A hesitant fuzzy set H on L is called a positive implicative hesitant fuzzy prefilter (filter) of L if it is a hesitant fuzzy prefilter (filter) of L that satisfies an additional condition:
Example 4.2 The hesitant fuzzy filter H in Example 3.4 is positive implicative, but the hesitant fuzzy prefilter H in Example 3.2 is not positive implicative since Proof. Assume that H is a positive implicative hesitant fuzzy prefilter (filter) of L. Then L(H; ε) is a prefilter (filter) of L for all ε ∈ P(U ) with L(H; ε) = ∅. Let x, y, z ∈ L be such that x → (y → z) ∈ L(H; ε) and x → y ∈ L(H; ε).
Then ε ⊆ H x→(y→z) and ε ⊆ H x→y . It follows from (11) that ε ⊆ H x→y x→(y→z) ⊆ H x→z and that x → z ∈ L(H; ε). Hence L(H; ε) is a positive implicative prefilter (filter) of L for all ε ∈ P(U ) with L(H; ε) = ∅.
Suppose that the hesitant level set L(H; γ) of H is a positive implicative prefilter (filter) of L for all γ ∈ P(U ) with L(H; γ) = ∅. Then H is a hesitant fuzzy prefilter (filter) of L. Let x, y, z ∈ L be such that H x→y x→(y→z) = ε. Then x → (y → z) ∈ L(H; ε) and x → y ∈ L(H; ε), which implies from (5) that x → z ∈ L(H; ε). Thus 
Proof. If H is a positive implicative hesitant fuzzy prefilter of L, then it is a hesitant fuzzy prefilter of L. Since (x → y)∧x ≤ x and (x → y)∧x ≤ x → y for all x, y ∈ L, we have ((x → y) ∧ x) → x = 1 and ((x → y) ∧ x) → (x → y) = 1. It follows from (11) that 
Proof. Using (1) and (3) in Proposition 2.2, we have
for all x, y ∈ L. It follows from (12) and Proposition 3.7(1) that H 1 = H ((x→y)∧x)→y ⊆ H (x⊗(x→y))→y and from (6) that H (x⊗(x→y))→y = H 1 for all x, y ∈ L.
We provide a condition for a hesitant fuzzy filter to be a positive implicative hesitant fuzzy filter. Proof. Let H be a hesitant fuzzy filter of L that satisfies the condition (12) . Using (4) and (10) in Proposition 2.2, we have
for all x, y, z ∈ L. It follows from (6), Proposition 3.7(1), Proposition 3.10(2) and (12) that 
Then a hesitant fuzzy set H on L is a positive implicative hesitant fuzzy filter of L if and only if it is a hesitant fuzzy filter of L which satisfies the following condition:
Proof. Assume that H is a positive implicative hesitant fuzzy filter of L.
Then it is a hesitant fuzzy filter of L and H((x ⊗ (x → y)) → y) = H 1 for all x, y ∈ L by Corollary 4.6. Using (16), Proposition 3.7(1), (6) and (11), we have for all x, y, z ∈ L. It follows from Proposition 3.10(2), (17) , (6) for all x, y, z ∈ L. Hence H is a positive implicative hesitant fuzzy filter of L.
Note that every residuated EQ-algebra satisfies the condition (16), but not vice versa (see [6] ). Hence we have the following corollary.
Corollary 4.12 In a residuated EQ-algebra, a hesitant fuzzy set H on L is a positive implicative hesitant fuzzy filter of L if and only if it is a hesitant fuzzy filter of L which satisfies the condition (17).
Finally, we establish the extension property for a positive implicative hesitant fuzzy prefilter (filter). Theorem 4.13 Let H and G be hesitant fuzzy filters of L such that H 1 = G 1 and H x ⊆ G x for all x ∈ L. If H is positive implicative, then so is G.
Proof. For any x, y ∈ L, we have G 1 = H 1 = H ((x→y)∧x)→y ⊆ G ((x→y)∧x)→y , and thus G ((x→y)∧x)→y = G 1 for all x, y ∈ L. Therefore G is a positive implicative hesitant fuzzy filter of L by Theorem 4.7.
